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a b s t r a c t
In this paper the impulsive control scheme of Lurie systems is represented. Using
Lyapunov’s direct method and comparison technique, we present novel conditions under
which impulsively controlled Lurie systems are asymptotically stable, and give the estimate
of the upper bound of impulse interval. In particular, globally exponential stability of
impulsive control of Lurie systems is presented. Impulsive controller designwith examples
is provided to show the feasibility and effectiveness of our method finally.
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1. Introduction
Impulsive control is a control paradigm based on impulsive differential equations. In practice, there exist many examples
of impulsive control systems (see [1–3]). Recently, impulsive systems and impulsive control have been studied by many
researchers. Bainov and Simeonov [1], and Lakshmikantham et al. [2] have considered the stability of impulsive systems by
using Lyapunov functions which are required to be nonincreasing along the whole sequence of switchings. Yang Tao [4] and
Li et al. [5] have presented the concept and principles of impulsive control and obtained some sufficient conditions of a class
of nonlinear systems by using the results in [2]. Yang et al. [6] and Sun et al. [7] have presented some interesting applications
of impulsive control in Lorenz systems. Yang and Chua [8], Li et al. [9] and Sun et al. [10] have studied impulsive control and
synchronization of Chua’s oscillators. However, these proposed impulsive control and impulsive systems do not consider
Lurie systems or consider less, which is an important issue of impulsive control.
In this paper, we shall consider impulsive control of Lurie systems. Utilizing the methods of Lyapunov functionals and
comparison principle, we present novel conditions underwhich the impulsively controlled Lurie systems are asymptotically
stable, and give the estimate of the upper bound of impulse interval. Furthermore, globally exponential stability of impulsive
control of Lurie systems is still given. Comparingwith [11–18], this paper is focused on impulsive control instead of absolute
stability analysis of Lurie systems.
The rest of this paper is organized as follows. In the following section, we introduce some preliminary definitions
and the theory of impulsive differential equation. In Section 3, the impulsively controlled Lurie systems are studied, and
new asymptotical stability theorem and the exponential stability theorem of the impulsively controlled Lurie systems are
given. Following the numerical examples to illustrate design of impulsive control Lurie systems in Section 4, finally, some
concluding remarks are presented in Section 5.
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2. Preliminaries
Consider the following Lurie control system{
x˙(t) = Ax(t)+ bf (σ (t))
σ (t) = cTx(t) (1)
where x(t) ∈ Rn is the state variable, A ∈ Rn×n, b, c ∈ Rn, and cT is the transpose of c. The nonlinearity f (σ ) satisfies
f (σ ) ∈ zκ = {f (σ )|f (0) = 0, 0 < σ f (σ ) ≤ κσ 2, σ 6= 0, f (σ ) ∈ C[R, R]}. (2)
From (2), we know that
κσ 2 − σ f (σ ) ≥ 0⇔ σ(κσ − f (σ )) ≥ 0.
Consider a discrete time set {τk} of control instants, where
0 < τ1 < τ2 < · · · < τk < τk+1 < · · · , τk →∞, as k→∞.
Let
U(k, x) = ∆x|t=τk , x(τ+k )− x(τ−k ),
x(τ+k ) = lim
t→τ+k
x(t),
x(τ−k ) = lim
t→τ−k
x(t)
be the control law, which is the ‘‘jump’’ in the state variable at the time instant τk, where x(τ−k ) = x(τk) is assumed. Then
the impulsive Lurie system is presented by
x˙(t) = Ax(t)+ bf (σ (t)), t 6= τk,
σ (t) = cTx(t), t 6= τk,
∆x|t=τk = U(k, x), t = τk,
x(t+0 ) = x0, t0 ≥ 0
(3)
which is a nonlinear impulsive differential equation according to [2].
Remark: On the one hand, when t 6= τk, the dynamics of the impulsive control system in (3) is governed by the system in
(1). We can see that the controlled system is a free system whenever t 6= τk. On the other hand, when t = τk, k = 1, 2, . . .,
the state variable is changed from x(τ−k ) to x(τ
+
k ) = x(τ−k )+ ∆x|t=τk instantaneously.
In order to establish sufficient conditions under which impulsively controlled Lurie system is stable, we need the
following basic definitions and theory of impulsive differential equations.
Definition 1 ([1]). Let V : R+ × Rn → R+, then V is said to belong to Class v0 if
(1) V is continuous in (τk−1, τk] × Rn and for each x ∈ Rn, k = 1, 2, . . .
lim
(t,y)→(τ+k ,x)
V (t, y) = V (τ+k , x)
exists;
(2) V is locally Lipschitzian in x.
Definition 2. Let V : R+ × Rn → R+. For (t, x) ∈ (τk−1, τk] × Rn, we define the right upper derivative of V (t, x) as
D+V (t, x) = lim sup
s→0+
1
s
[V (t + s, x+ s(Ax+ bf (cTx)))− V (t, x)].
Definition 3. Let x(t, t0, x0) be any solution to (3), and x(t0) = x0. System (3) is called globally exponentially stable if for
any scalar δ > 0, there exist scalars ξ > 0 and F(δ) > 0, when ‖x0‖ < δ, such that
‖x(t, t0, x0)‖ ≤ F(δ) exp(−ξ(t − t0)), ∀t ≥ t0 ≥ 0.
We also need to define a comparison system, which plays an important part in impulsive control of Lurie systems.
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Definition 4 ([2]– Comparison System). Let V ∈ v0 and assume that
D+V (t, x) ≤ g(t,V (t, x)), t 6= τk
V (t, x+ U(k, x)) ≤ ψk(V (t, x)), t = τk (4)
where g : R+ × R+ 7→ R is continuous and ψk : R+ 7→ R+ is nondecreasing. Then the following system:
w˙(t) = g(t, w), t 6= τk
w(τ+k ) = ψk(w(τk))
w(t+0 ) = w0 ≥ 0
(5)
is the comparison system of (3). Let S(ρ) = {x ∈ Rn | ‖x‖ < ρ}, where ‖ · ‖ denotes the Euclidean norm on Rn. Then we can
obtain the following theorem to give sufficient conditions in a unified way for various stability criteria.
Theorem 1 ([2]). Assume that the following three conditions are satisfied.
(1) V : R+ × S(ρ) 7→ R+, ρ > 0, V ∈ v0,D+V (t, x) ≤ g(t,V (t, x)), t 6= τk.
(2) there exists a ρ0 such that x ∈ S(ρ0) implies that x+U(k, x) ∈ S(ρ0) for all k and V (t, x+U(k, x)) ≤ ψk(V (t, x)), t =
τk, x ∈ S(ρ0).
(3) there exist α(·) and β(·) ∈ ℵ (class of continuous strictly increasing functions α : R+ → R+ such that α(0) = 0), such
that β(‖x‖) ≤ V (t, x) ≤ α(‖x‖) on R+ × S(ρ).
Then, the stability properties of the trivial solution w = 0 of comparison system (5) imply the corresponding stability properties
of the trivial solution x = 0 of the impulsive control system (3).
Theorem 2 ([2]). Let g(t, w) = λ˙(t)w(t), λ ∈ C1[R+, R+], ψk(w) = dkw(τk), dk ≥ 0 for all k, then the origin of the impulsive
control system (3) is asymptotically stable if conditions
λ(τk+1)− λ(τk) ≤ − ln(γ dk), for all k, where γ > 1 (6)
and
λ˙(t) ≥ 0 (7)
are satisfied.
3. Main results
In this section, we study the impulsive control of Lurie system. First, we establish novel sufficient conditions underwhich
impulsively controlled Lurie system is asymptotically stable, and give the estimate of the upper bound of impulse interval.
Then, we represent globally exponential stability of the impulsive Lurie system.
Theorem 3. Let the n× n matrix P be symmetric and positive definite, and λ1 > 0, λ2 > 0 are respectively, the smallest and the
largest eigenvalues of P. Let
Ω =
(
AT(P + ηκccT)+ (P + ηκccT)A (P + ηκccT)b+ (ζ − η)ATc
bT(P + ηκccT)+ (ζ − η)cTA 2(ζ − η)cTb
)
(8)
where ζ > 0, η > 0 are scalars. Then the origin of impulsive Lurie system (3) is asymptotically stable if there exist scalars
ek > 0, ε1 > 0 and the following three conditions hold
Ω < 0, (9)
‖x(τk)+ U(k, x)‖2 ≤ ekλ1
λ2 + (ζ + η)κ‖c‖2 ‖x(τk)‖
2, (10)
ε1
λ1
(τk+1 − τk) ≤ − ln(γ ek), where γ ek < 1 and γ > 1. (11)
Proof. Construct the following Lyapunov function
V (t, x) = xTPx+ 2ζ
∫ σ
0
f (s)ds+ 2η
∫ σ
0
(κs− f (s))ds = xTPx+ 2ζ
∫ cTx
0
f (s)ds+ 2η
∫ cTx
0
(κs− f (s))ds.
It yields that
λ1‖x‖2 ≤ V (t, x) ≤ [λ2 + (ζ + η)κ‖c‖2] ‖x‖2. (12)
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From which one can see that condition 3 of Theorem 1 is also satisfied with β(x) = λ1x and α(x) = [λ2 + (ζ + η)κ‖c‖2]x.
When t 6= τk, the right-hand upper derivative of V (t, x) is
D+V (t, x) = x˙TPx+ xTP x˙+ 2ζ f (cTx)cTx˙+ 2η(κcTx− f (cTx))cTx˙
= [Ax+ bf (cTx)]TPx+ xTP[Ax+ bf (cTx)] + 2ζ f (cTx)cT[Ax+ bf (cTx)]
+ 2η(κcTx− f (cTx))cT[Ax+ bf (cTx)]
= xT(ATP + PA)x+ (bTPx+ xTPb)f (cTx)+ 2ζ f (cTx)cT[Ax+ bf (cTx)]
+ 2η(κcTx− f (cTx))cT[Ax+ bf (cTx)]
= (xT, f (cTx))
(
AT(P + ηκccT)+ (P + ηκccT)A (P + ηκccT)b+ (ζ − η)ATc
bT(P + ηκccT)+ (ζ − η)cTA 2(ζ − η)cTb
)
(xT, f (cTx))T
= (xT, f (cTx))Ω(xT, f (cTx))T.
For any P in linear matrix inequality (9), we can find ε1 > 0 and ε2 > 0 such that
Ω <
(−ε1I 0
0 −ε2
)
<
(
ε1I 0
0 −ε2
)
(13)
where I is the identity matrix.
According to (12) and (13), we get
D+V (t, x) < (xT, f (cTx))
(
ε1I 0
0 −ε2
)
(xT, f (cTx))T
= ε1xTx− ε2f 2(cTx)
≤ ε1‖x‖2
≤ ε1
λ1
V (t, x), t 6= τk. (14)
Hence, condition 1 of Theorem 1 is satisfied with g(t, w) = ε1
λ1
w.
When t = τk, by condition (10) and (12), we have
V (t, x)|t=τ+k = V (t, x+ U(k, x))|t=τk
= [x+ U(k, x)]TP[x+ U(k, x)] + 2ζ
∫ cT(x+U(k,x))
0
f (s)ds+ 2η
∫ cT(x+U(k,x))
0
(κs− f (s))ds
≤ [λ2 + (ζ + η)κ‖c‖2]‖x+ U(k, x)‖2
≤ ekλ1‖x‖2
≤ ekV (t, x). (15)
Hence, condition 2 of Theorem 1 is satisfied with ψk(w) = ekw.
It follows from Theorem 1 that the asymptotic stability of the impulsive Lurie system in (3) is implied by that of the
following comparison system:
w˙(t) = ε1
λ1
w(t), t 6= τk
w(τ+k ) = ekw(τk)
w(t+0 ) = w0 ≥ 0.
(16)
It follows from Theorem 2 that if∫ τk+1
τk
ε1
λ1
dt ≤ − ln(γ ek), γ > 1
i.e.,
ε1
λ1
(τk+1 − τk) ≤ − ln(γ ek), γ > 1
and
ε1
λ1
≥ 0.
are satisfied, then the origin of (3) is asymptotically stable. 
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From (11), we know that
τk+1 − τk ≤ −λ1
ε1
ln(γ ek), γ > 1,
So the above theorem also gives an estimate of the upper bound of impulse interval∆ , τk+1 − τk,∆max.
∆max = −λ1
ε1
ln(γ ek) > 0, γ −→ 1+.
From above we can see that ek should satisfy 0 < ek < 1.
Theorem 4. System (3) is globally exponentially stable if there exist scalars ι > 0, ek > 0 and the following four conditions hold
Ω < 0,
‖x(τk)+ U(k, x)‖2 ≤ ekλ1
λ2 + (ζ + η)κ‖c‖2 ‖x(τk)‖
2,
θ ,
ε1
λ1
< ι, (17)
and ∏
τk<t
ek ≤ exp(−ι(t − t0)), t ≥ t0 ≥ 0. (18)
Proof. According to (14) and (15), we shall show that
V (t, x) ≤ V (t0, x)
∏
τk<t
ek exp(θ(t − t0)), ∀t ≥ t0 ≥ 0. (19)
To do this, we shall consider the case for all t . In detail, the following situations are considered.
If t0 < t < τ1, we have
V (t, x) ≤ V (t+0 , x) exp(θ(t − t+0 )) = V (t0, x) exp(θ(t − t0)),
V (τ1, x) ≤ V (t0, x) exp(θ(τ1 − t0));
when τ1 < t < τ2, we obtain
V (t, x) ≤ V (τ+1 , x) exp(θ(t − τ+1 )) ≤ V (t0, x)e1 exp(θ(t − t0)),
V (τ2, x) ≤ V (t0, x)e1 exp(θ(τ2 − t0));
when τ2 < t < τ3, we obtain
V (t, x) ≤ V (τ+2 , x) exp(θ(t − τ+2 )) ≤ V (t0, x)e1e2 exp(θ(t − t0)) = V (t0, x)e1e2 exp(θ(t − t0)),
V (τ3, x) ≤ V (t0, x)e1e2 exp(θ(τ3 − t0));
generally, when τk−1 < t < τk, for k = 1, 2, . . ., we have
V (t, x) ≤ V (τ+k−1, x) exp(θ(t − τ+k−1)) ≤ V (t0, x)e1 · · · ek−1 exp(θ(t − t0)).
when τk < t < τk+1, we have
V (t, x) ≤ V (τ+k , x) exp(θ(t − τ+k )) ≤ V (t0, x)e1 · · · ek exp(θ(t − t0))
= V (t0, x)
∏
τk<t
ek exp(θ(t − t0)).
Therefore, (19) holds. 
Applying (18) to (19), and let υ = ι−θ2 > 0, we can get
V (t, x) ≤ V (t0, x)
∏
τk<t
ek exp(θ(t − t0))
≤ V (t0, x) exp(−ι(t − t0)) exp(θ(t − t0))
= V (t0, x) exp(−2υ(t − t0)), t ≥ t0 ≥ 0.
Y. Yu et al. / Computers and Mathematics with Applications 56 (2008) 2806–2813 2811
Fig. 1. Asymptotically stable Lurie systems (B1).
Arbitrarily choose a scalar δ > 0, and a vector x0 such that ‖x0‖ < δ. According to (12), we can obtain
λ1‖x‖2 ≤ V (t, x) ≤ V (t0, x) exp(−2υ(t − t0))
≤ [λ2 + (ζ + η)κ‖c‖2]‖x0‖2 exp(−2υ(t − t0))
≤ [λ2 + (ζ + η)κ‖c‖2]δ2 exp(−2υ(t − t0)), t ≥ t0 ≥ 0.
Let F(δ) =
√
λ2+(ζ+η)κ‖c‖2
λ1
δ, such that F(δ) > 0. Therefore, we can get
‖x‖ ≤
√
λ2 + (ζ + η)κ‖c‖2
λ1
δ exp (−υ(t − t0)) = F(δ) exp (−υ(t − t0)) , t ≥ t0 ≥ 0.
According to the Definition 3, system (3) is globally exponentially stable, that is, the Lurie system (1) are impulsively
controlled globally exponentially stable. 
4. Impulsive controller design with examples
In this section, we design impulsive controller of Lurie systems on the basis of the above theoretical results and illustrate
the feasibility and effectiveness of our method.
We consider the following Lurie control system [19]:
x˙ = Ax+ bf (cTx) (20)
where the nonlinearity f (x1) = 12 (|x1 + 1| − |x1 − 1|) belongs to sector [0, 1], and
A =
(−αm1 α 0
1 −1 1
0 −β 0
)
, b =
(−α(m0 −m1)
0
0
)
, c =
(1
0
0
)
(21)
Without loss of generality, we assume that the impulsive control law
U(k, x) = Bx, t = τk
where B is the impulsive controller to be determined.
Define the parameters α = 9, β = 14,m0 = −17 ,m1 = 27 , κ = 1, ζ = 2, η = 3, ε1 = 0.1, γ = 1.3, we can calculate
ek = 0.7691 and obtain the following impulsive controller according to the Theorem 3.
B1 =
(−0.2840 0 0
0 −0.2840 0
0 0 −0.2840
)
, B2 =
(−1.7160 0 0
0 −1.7160 0
0 0 −1.7160
)
.
As for the impulsive controlmatrix B1, B2, the simulation results are shown in Figs. 1 and 2 respectively. The following figures
illustrate that the impulsively controlled Lurie systems are asymptotically stable.
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Fig. 2. Asymptotically stable Lurie systems (B2).
Fig. 3. Globally exponentially stable Lurie systems (B3).
Similar to the above design, we can determine the impulsive controller based on the Theorem 4.
B3 =
(−0.1069 0 0
0 −0.1069 0
0 0 −0.1069
)
, B4 =
(−1.8931 0 0
0 −1.8931 0
0 0 −1.8931
)
.
As for the impulsive controlmatrix B3, B4, the simulation results are shown in Figs. 3 and 4 respectively. The following figures
illustrate that the impulsively controlled Lurie systems are globally exponentially stable.
5. Conclusions
In this paper, we have presented an impulsive control scheme of Lurie system. First, we use Lyapunov’s directmethod and
comparison technique to obtain novel conditions under which the Lurie system can be impulsively controlled to the origin.
Second, we present the estimate of the upper bound of impulse interval for asymptotically stable control. Then, we give
applicable conditions under which impulsively controlled Lurie system is globally exponentially stable. We give impulsive
controller design with two examples to illustrate the feasibility and effectiveness of our method finally.
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Fig. 4. Globally exponentially stable Lurie Systems (B4).
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